A momentum-dependent Coulomb correction to the probability of nonlinear ionization in a strong low-frequency laser field is derived analytically in the adiabatic limit, when the quasi-static tunneling model applies. Obtained formulas show that the Coulomb modification of photoelectron spectra can be significant both in linearly and circularly polarized fields. For linear polarization, it leads to a relative enhancement of the ionization probability for photoelectron energies of the order of the ponderomotive energy. This Coulomb effect is expected to be most significant for atomic species with relatively low ionization potentials, such as alkali atoms.
Introduction
Ionization of atoms in intense laser fields remains in the scope of theoretical and experimental studies for already several decades (see [1] [2] [3] [4] for review). The dominant part of experiments on strong field ionization is performed using high-power infrared and optical lasers with photon energies considerably smaller than characteristic ionization potential of atoms and positively charged ions. As a result, strong-field ionization usually proceeds via a highly nonlinear interaction when dozens and even hundreds of laser photons are absorbed in a single ionization event. Such regime is usually referred in the literature as multiphoton or tunneling ionization, depending on the value of the adiabaticity parameter introduced in the fundamental work by Keldysh [5] = √2 0 .
Here, is the ionization potential of the atomic or molecular level, 0 and are the electric field amplitude and the frequency of the laser field correspondingly and m and e are the electron mass and the elementary charge. The parameter (1) can be Among analytic approaches to the description of nonlinear ionization dynamics, the Keldysh theory [5] or the Strong Field Approximation [6, 7] are known as particularly efficient theories, which combine relative technical simplicity to an exceptional predictive power [8] . In their original formulation, these approaches discard the Coulomb interaction between the photoelectron and the parent atomic core, assuming that the interaction with the laser field dominates the ionization dynamics. This approximation makes the theory simple to implement reducing at the same time its qualitative accuracy. In order to improve the precision of theoretical predictions, an approximate technique of the Coulomb corrections has been developed [8] [9] [10] [11] [12] basing on the Imaginary Time Method [13] and on the representation of the ionization amplitude in terms of complex quantum trajectories [14] . During the past decade a number of Coulomb effects in photoelectron spectra have been successfully investigated with the help of this technique (see [8] for review).
In this work, we present simple analytic formulas for the momentum-dependent
Coulomb factor in the amplitude of ionization in a strong low-frequency laser field assuming that the adiabatic regime is achieved. These expressions are valid for arbitrary polarized laser radiation and could be helpful for a quantitative analysis of experimental data.
Basic Equations
Since there are no exact explicit expressions for the amplitude of nonlinear ionization of atoms, such amplitudes are usually calculated for a model system bound by shortrange forces with a subsequent semi-classical account of the Coulomb interaction.
In the limit of low laser frequencies the general idea for the analytic account of the Coulomb interaction was suggested by Perelomov and Popov [9] . Their calculation led to the celebrated Coulomb-corrected quasi-static ionization rate. Recently, this approach was generalized to arbitrary photoelectron momenta and laser frequencies (see [8] 
that determines the Coulomb contribution to the complex photoelectron action. This integral is divergent and requires regularization (see [4, 8] for details).
The analytical properties of the Coulomb-free trajectories are determined by the time-dependence of a laser pulse. Usually, further approximations are required to find analytically the positions of the branch points and the poles. For nonlinear ionization in intense mid-infrared laser fields, the adiabatic approximation can be applied. The latter suggests that the imaginary parts of the complex saddle points -the initial time instants for the photoelectron motion in the laser field -are small compared to the laser period. Equations determining these points are discussed in detail in [1] [2] [3] [4] [5] . In this case, the major contribution to the Coulomb integral is given by small intervals of time near the saddle point.
Under such assumption, we obtained an approximate expression for 2 ( ) and analyzed the topology of the poles and the branch points. Figure 1 shows an example of the branch points position and evolution and a possible integration contour in Equation
Expanding the trajectory in (2) in series with respect to ≪ 1 and integrating the Coulomb potential energy along this contour we obtained for the Coulomb factor in the ionization amplitude
a simple analytic expression which is valid for an arbitrary pulse shape:
where
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Equations (4-6) present the main result of our work. They describe the momentumdependent Coulomb distortion of photoelectron spectra in the limit of long laser wavelengths.
Discussion
We illustrate the effect of the Coulomb factor (6) calculating it along with the dimensionless imaginary part of the stationary point (a complex stationary point is denoted as = ′ + ) versus the photoelectron momentum for two commonly considered cases of linear ( Figure 2 ) and circular ( Figure 3 ) polarizations assuming ionization of hydrogen by a field with intensity 10 14 W/cm 2 and wavelength 1.6 . Under these conditions, the Keldysh parameter = 0.53. As is seen from the plots, the Coulomb correction can increase the differential probability of ionization (note that the probability is proportional to the value (4) modulus squared) by the factor of two. Such effect could in principal be seen in experimental data recorded with high precision in a wide range of photoelectron energies. The most straightforward way to verify the correction experimentally consists in a precise measurement of the logarithmic slope of photoelectron spectra in a wide range of energies.
In a field with linear polarization, the factors shown in Figure 2 should lead to a small increase in the (negative) slope of photoelectron spectra. This change in the slope is dictated in particular by the factor / , which is equal to unity for hydrogen but can be larger for atoms with relatively small ionization potentials. For example, for cesium with I = 3.89eV, it is close to 2, considerably enhancing the slope variation.
The same technique of calculation of adiabatic Coulomb factors can applied for description of the process of high-order harmonics generation in intense laser fields [18] . In this case, a preliminary analysis shows that in linearly polarized fields the Coulomb factors only weakly depend on the harmonic number. Instead, in so-called bicircular laser fields, which consist of two counter-rotating laser pulses with circular polarization and an integer frequency ratio this dependence could be significant. This task can be motivated by the growing interest both from the side of experiment and theory [19, 20] , in spectra of high harmonics produced in bicircular fields. 
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